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' Abstract. We consider the quantized Knizhnik-Zamolodchikov difference equation 

. (qKZ) with values in a tensor product of irreducible SI2 modules, the equation defined 

' in terms of rational R-matrices. We solve the equation in terms of multidimensional 
q-hypergeometric integrals. We identify the space of solutions of the qKZ equation with 

(N ■ the tensor product of the corresponding modules over the quantum group Uqsl2. We 

. compute the monodromy of the qKZ equation in terms of the trigonometric i?-matrices. 

(N : 
o ■ 

0\ ; 

^ I 1.1. In this paper we solve the rational quantized Knizhnik-Zamolodchikov difference 

0\ • equation ( qKZ ) with values in a tensor product of irreducible highest weight s/2-niodules. 

i^jQ, The rational qKZ equation is a system of difference equations for a function "^{zi, Zn) 

i with values in a tensor product Mi ® ... ® Mn of s/2 modules. The system of equations 

qh| has the form 

> '• ^{Zi, . . . , Zm + P, ■ ■ ■ , Zn) = Rm,m-liZm - Zm-1 + P) ■ ■ ■ Rm,li^rn - Zl + p)e~''''™ X 
• i-H ■ 

' ^-Rm,n(^m ^n) • • • Rm,m+l{,Zm ^m+l ) ^ (^^1 ; • • • ; ■2^n); 

H ' 

I m = 1, . . . , ra, where p, /i are complex parameters of the qKZ equation, h is & generator 
of the Cartan subalgebra of s/2, hm is the operator h acting in the m-th factor, Rij{x) is 
the rational i?-matrix RMiMj{x) € End(Mj ® Mj) acting in the i-th and j-th factors of 
the tensor product. In this paper we consider only steps p with negative real part. 
The qKZ equation is an important system of difference equations. The qKZ equation 



1. Introduction. 



was introduced in |[FR|| as an equation for matrix elements of vertex operators of a quan- 
tum affine algebra. An important special case of the qKZ equation had been introduced 
earlier in as equations for form factors in integrable quantum field theory. Later, the 
qKZ equation was derived as an equation for correlation functions in lattice integrable 
models, cf. ||JM|| and references therein. 



Solutions of the rational qKZ equation with values in a tensor product of s/2 Verma 



modules V^j ® ... ® Vx^ with generic highest weights Ai, . . . , A„ were constructed in ||TV1 
The solutions have the form 

^{Z) = J2 h,,...,kMf''"Vi ® ... ® f^'-Vn, 

1 
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where {f'^^Vi ® . . . (g) f^"Vn} € Va^ ® ... Vx„ is the standard basis in the tensor product of 
SI2 Verma modules, and the coefficients Iki,...,k„{z) are given by suitable multidimensional 
q-hypergeometric integrals. 

The space of solutions of the qKZ equation with values in a tensor product of s/2 
Verma modules with generic highest weights was described in ||'1'V1|] in terms of the 
representation theory of the quantum group Uq{sl2) with q = e^^/^ . Namely, consider the 
tensor product V^^ ® V^^ of Uq{sl2) Verma modules, where V^, is the deformation of 
the s/2 Verma module Va^. It was shown in V 1| ] that there is a natural isomorphism 
of the space S of meromorphic solutions of the qKZ equation with values in the tensor 
product ® ... ® Va„ and the space V^^^^ ® ... ® V^^ <S) F, where F is the space of 
meromorphic functions in Zi, Zn, p-periodic with respect to each of the variables. 

This isomorphism was used in ||TV1|| to compute asymptotic solutions of the qKZ equa- 
tion with values in a tensor product of s/2 Verma modules with generic highest weights 
and to compute the transition functions between asymptotic solutions in terms of the 
trigonometric i?-matrices acting in V^_^ ® ... ® V^^. 

Assume that the Verma module Vx^ is reducible and vectors {f^Vj}k>Nj generate a 
proper submodule Sx^ C Vx^ Then the vectors {f^Vj}k<Nj form a basis in the irreducible 
module Lx^ = VxJSxy If Vx^ is irreducible, then we set Nj = 00. 

Return to the sum ^{z). If the Verma modules of the tensor product V^^ ® ... ® Vx„ 
become reducible, then some of the coefficients in the sum become divergent. In this 
paper we show that the restricted sum 

ki<Ni,...,k„<N„ 

remains well defined even when some of the Verma modules become reducible. 

Moreover, we show that the sum defines a solution of the qKZ equation with 

values in the tensor product Lx^ ® ... ® Lx„ of irreducible s/2 modules, and under certain 
conditions all solutions have this form. 

These results allow us to describe the space of solutions to the qKZ equation with values 
in Lai®. . ■<^Lx„ in terms of representation theory of the quantum group f/g(s/2). Namely, 
consider the tensor product L\_^ ® ... (8)L^^ of t/qs/2 modules, where is the deformation 
of the s/2 irreducible module Lxy We show that there is a natural isomorphism of the 
space S of meromorphic solutions of the qKZ equation with values in the tensor product 
Lxi ... ® Lx^ and the space L^^ ® ... L^^ ® F, 

Ll^ ® ...0Ll^0F ~ S. 

We compute asymptotic solutions of the qKZ equation with values in a tensor product 
of irreducible s/2 Verma modules and the transition functions between the asymptotic 
solutions. The transition functions are given in terms of the trigonometric i?-matrices 
acting in L^^ (8> ... L^^. 

In this paper we consider the rational qKZ equation associated with s/2. There are 
other types of the qKZ equation: the trigonometric qKZ equation ||FR]| , |P?V2|| and the 
elliptic qKZB equation ||F1|| , [[F2|| , ||FTV1|| , ||FT V2|| . The trigonometric qKZ equation with 



values in a tensor product of Uq{sl2) Verma modules with generic highest weights and the 
elliptic qKZB equation with values in a tensor product of i?T-,^(s/2) Verma modules with 



THE QKZ EQUATION IN TENSOR PRODUCTS OF IRREDUCIBLE MODULES 



3 



generic highest weights were solved in [[rV2|| and ||FTV2|| , respectively. Here £^-^^{312) is 
the elliptic quantum group associated to 5/2- In the next paper we will extend our results 
to the trigonometric qKZ and elliptic qKZB equations and describe solutions of these 
equations with values in irreducible finite dimensional modules. 
The paper is organized as follows. 

In Section |^ we recall some facts about SI2, Uq{sl2) and their representations. We 
define the rational i?-matrix and the qKZ equation. In Section |^ we describe integral 
representations of solutions of the qKZ equation with values in a tensor product of s/2 
Verma modules. The statements of results are given in Section ^. The proofs are collected 
in Section |. 

The authors thank V.Tarasov for useful discussions. 



2. General definitions and notations 

2.1. The Lie algebra 5/2- Let e, /, h be generators of the Lie algebra s/2 such that 

[/i,e] = e, [/i, /] = -/, [ej]=2h. 

For an s/2 module M, let M* be its restricted dual with an s/2 module structure defined 
by 

(ev3, x) = {if, fx), {fip, x) = {if, ex), {hip, x) = {if, hx) 
for all X G M, ip G M* . The module M* is called the dual module. 

00 

For A G C, denote V\ the s/2 Verma module with highest weight A. Then Va = 

i=0 

where f is a highest weight vector. Denote Lx the irreducible module with highest weight 
A. 

Let A+ = {0, |, 1, |,2, ...} be the set of dominant weights. If A G A+, then Lx is a 
(2A + l)-dimensional module and 

Lx ^ Vx/Sx, 

00 

where Sx = @ Cf^v C Vx is the maximal proper submodule. The vectors /*f , i = 

i=2X+l 

0, . . . , 2A, generate a basis in Lx- 

For A ^ A+, Lx = Vx- It is convenient to introduce Sx to be the zero submodule of Vx, 
then Lx — Vx/ Sx, as we have for A G A"*". 

For an s/2 module M with highest weght A, denote by (M); the subspace of weight A — /, 
by {Mf^'^s the kernel of the operator e, and by (M)f the subspace (M)/ n(^)''"^- 

2.2. The algebra t/gs/2. Let q be a complex number different from ±L Let Cq, fg, q^, 

be generators of t/gS/2 such that 

„2h _ „-2h 

h -h -h h V r 1 'd H 

qq =g g =1, [eq,fq] = —, 

q-q 1 

q'^eq = qeqq^, q^fq = q~^fqq^. 
A comultiplication A : f/gS/2 Uqsl2 ® Uqsl2 is given by 

A{q^) = q^ ® q"" , A(g-'^) = g-'^ ® g-^ 
A(eq) =eq®q^ + q'^ ® tq, A{fq) = fq®q^' + q~^ ® fq. 
The comultiplication defines a module structure on tensor products of f/qs/2 modules. 
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For A G C, denote the Uqsl2 Verma module with highest weig ht q^. Then 



oo 



^CfqV'^, where v'^ is a highest weight vector. 

i=0 

oo 

For A G A+, Si = CfgV'^ is a submodule in K^^. Denote Li the quotient module 

i=2A+l 

V^/Sl- The module is the (2A + l)-dimensional highest weight module with highest 
weight q^. The vectors fgV'^, i = 0, . . . , 2A, generate a basis in Ly 

For A ^ A+, let = V^^^. It is convenient to introduce Si to be the zero submodule of 
V^, then Ll ~ V^/Sl as we have for A G A+. 

For an module M'^ with highest weight g'^, denote by (M^)/ the subspace of 

weight by (M'^)''*"^ the kernel of the operator e^, and by (M^)^*"^ the subspace 

2.3. The rational i?-matrix. The Yangian 1^(5/2) is a Hopf algebra which has a family 
of homomorphisms to the universal enveloping algebra of s/2, ^(s/2) — ^ U{sl2), depend- 
ing on a complex parameter. Therefore, each s/2 module M carries a Yangian module 
structure M(x) depending on a parameter, see ||CP||,||TVT[1. 



For s/2 irreducible highest weight modules Lx^ , and generic numbers x,y & C, the 
Yangian modules Lx^^x) ® L\^{ii) and Lx^iij) ® Lx^{x) are irreducible and isomorphic. 
There exists a unique intertwiner which sends vi ® V2 to V2® vi, where Vi is a highest 
vector in L\-, i = 1,2. This intertwiner has the form PRl^^l^^{x — y), where P is the 
operator of permutation of factors. The operator R^^ (x) G End^Lx^ ® Lx^) is called 



the rational R-matrix, see details in | TV1 |. The rational i?-matrix commutes with the 
SI2 action on the tensor product Lx^ <S) Lx^ ■ 
Let Ai, A2 A+. Let 

00 

Vx, ® = Vx,+x,-i 
1=0 

be the decomposition of the tensor product of 5/2 Verma modules into the direct sum of 
irreducibles, and let H*^') be the projector on Vx-i+x2-i along the other summands. 
There is a formula for the rational i?-matrix, 

00 l-l I \ I \ 



X — Ai — A2 + s ■ 



see 



Let Ai, A2 G A+. Let 

2 min{Ai,A2} 

-^Ai ® Lx^ = Lx-^+X2-l 
1=0 

be the decomposition of the tensor product of finite dimensional irreducible s/2 modules 
into the direct sum of irreducibles, and let LI*^'^ be the projector on La^+Aj-^ along the 
other summands. 

There is a formula for the rational i?-matrix, 

2mm{Ai,A2} l-l , x , x 

Rr r (x)= V n(') TT X + Ai + A2 - g 

1=0 s=0 i ^ I 
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The vector spaces Va^ ® for different values of Ai, A2 are identified by distinguislied 
bases {f'vi ® f''V2 \ h, h G Z>o}. 

Theorem 1. 1. The rational R-matrix Ry^^Vx^i^) ^ End(l^ ®V) is a meromorphic 
function of x, Xi,X2- The poles of Ry^^Vx^ (^) have the form x — Ai — A2 + s = 0, where 
s E Z>o. 

2. Let X be generic. Then the rational R-matrix Ry^ Vx i.^) preserves Sx^ ® Vx^ + Va^ ® 

3. Let ® Vx2 Lx^ ® Lx2 be the canonical factorization map. Then for generic x, 
the rational R-matrix Rvx-^Vx^i^) ^^''^ be factorized to an operator R{x) G End(LAi ®Lx2) 
and, moreover, R{x) = Rl^^l^^{x) . 

An analog of Theorem |l] for the elliptic i?-matrix is proved in Theorems 8, 31 in 



'TV1|. The same proof works for the rational i?- matrix. We give an alternative proof 



in Section 

2.4. The trigonometric i?-matrix. Let g be a complex number, and not a root of 
unity. The quantum affine algebra Uqsl2 is a Hopf algebra which has a family of homo- 
morphisms, tjqsl2 Ugsl2, depending on a complex parameter. Therefore, each 
module carries a module structure M^(x) depending on a parameter, see |^], 



For Ugsl2 irreducible highest weight modules , L\^ and generic numbers x,y E C, the 

Uqsl2 modules L^^ (x) ® L^^ (y) and L^^ (y) ® L^^ (x) are isomorphic. There exists a unique 
intertwiner which sends vf ® to V2 ® vf, where vf is a highest vector in L\_, i = 1, 2. 
This intertwiner has the form -P-R^? ^9 {^/u)-, where P is the operator of permutation of 

Aj^ A2 

factors. The operator i?^^ [x) G End(L^^ ®L\^) is called the trigonometric R-matrix., 

see details in |[rVl|| . The trigonometric i?-matrix preserves the weight decomposition. 
Let Ai, A2 ^ A+. Let 

00 

be the decomposition of the tensor product of Uqsl2 Verma modules into the direct sum of 
irreducible modules, and let fl^'^ be the projector on V^A%A2-i ^-lo^ig the other summands. 
There is a formula for the trigonometric i?-matrix: 

Rl.y.{x) = Rl,x2i^)Y.^^^^\{Y 



xq 

1=0 s=0 ^ 



I — rf.q2s-2Xi-2\2 
^^2Ai+2A2 — 2s • 



where 

00 k 



k=0 



see 



cpLm. 



Let Ai, A2 G A+. Let 



2 min{Ai,A2} 

r 

Ai+A2-Z 



1=0 
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be the decomposition of the tensor product of finite dimensional irreducible Uqsl2 modules 
into the direct sum of irreducibles, and let 11*^') be the projector on L'^Xi+\2-i ^loiig the 
other summands. 

There is a formula for the trigonometric i?-matrix, 



2mm{Ai,A2} l-l 



1 _ 2;g2s-2Ai-2A2 



1=0 s=0 "''^ 

see [pP|| , ■ The vector spaces V^^ ® V^^ for different values of Ai, A2 are identified by 
distinguished bases {f'^v\ ® | /i, ^2 £ ^>o}- 

Theorem 2. Let q & C be not a root of unity. 

1. The trigonometric R-matrix Ryq yq (x) G End(V" ^ V) is a meromorphic function 

of X, Ai, A2. The poles of Ryq yq (x) have the form x = g-2Ai-2A2+2s^ where s G Z>o. 

Xj X2 

2. Let X be generic. Then the trigonometric R-matrix Ryq yq {x) preserves S*^^ (8> V^^ + 

Xi X2 

3. LetV^_^^V^^ —^L\_^®L\^ be the canonical factorization map. Then for generic x, the 
trigonometric R-matrix Ryq yq {x) can be factorized to an operator R'^{x) G End(L^^ ® 

Xi X2 

and, moreover, R'^{x) = R^j^q j^q (x). 



Xi X2 



An analog of Theorem |I] for the elliptic i?- matrix is proved in Theorems 8, 31 in 
|FTVT|. The same proof works for the trigonometric i?- matrix. 



2.5. The qKZ equation. The rational quantized Knizhnik- Zamolodchikov equation(qKZ) 
associated to s/2 is the following system of linear difference equations for a function 
\E'(zi, . . . , Zn) with values in a tensor product Mi ® . . .® Mn of s/2 modules: 

^(Zl, . . . , Zm + P, ■ ■ ■ , Zn) = RMm,Mm-l i^m " ^m-l + P) ■ ■ ■ -Rm™,Mi {Zm - Zi + p)e~^^"' X 

>^RMm,Mn{^m — Zn) ■ ■ ■ RMmMm+l i^m — Zm+l)'^{Zi, . . . , Zn) , 

for m = 1, . . . ,n. Here p, fi are complex parameters, n is chosen so that < Im /i < 2it; 
km is the operator h G 5/2 acting in the m-th representation, RM^Mjix) G End(Mj (g) M,) 
is the rational i?-matrix acting in the i-th and j-th factors, see | FR|| . The linear operators 



in the right hand side of the equations are called the qKZ operators. 

The qKZ operators commute with the action of the operator h G s/2 in the tensor 
product Ml®. . .®M„. Therefore, in order to construct all solutions of the qKZ equation, 
it is enough to solve the qKZ equation with values in weight spaces (Mi (g) . . . (g) Mn)i. 

If the parameter /i of the equation is equal to zero, then the qKZ operators commute 
with the s/2 action in the tensor product Mi ® . . . M„, and in order to construct all 
solutions of the qKZ equation in this case, it is enough to solve the equation with values 
in singular weight spaces (Mi ... M„);**"^. 

Let 71 : (g . . . (g Vx,^ — ^ Lx^ (g . . . (g Lx„ be the canonical projection map. 

Lemma 3. Let ^(-z) be a solution of the qKZ equation with values in Vx^ (g . . . ® Vx^. 
Then n o '^[z) is a solution of the qKZ equation with values in Lx^ Cg) . . . (8 La„. 

Lemma ^ follows from Theorem |I|. 



the qkz equation in tensor products of irreducible modules 
3. The Hypergeometric pairing, |[TV1|| 



3.1. The phase function. Let z = (zi, . . . , Zn) G C", A = (Ai,...,A„) G C", t = 
{ti, ■ . . ,ti) G C'. The phase function is defined by the following formula: 

3.2. Actions of the symmetric group. Let / = f{ti, . . . ,ti) be a function. For a 
permutation a G define the functions [/]™* and [/]^"^ via the action of the simple 
transpositions {i, i + 1) G S*^, i = 1, . . . ,1 — 1, given by 



ti — ti+1 + 1 



[fY{i!i+i)itij ■ ■ - iti) — f{ti, ■ ■ ■ ,ti+i,ti, . . . ,ti)- 



ifitrig .^-f(f f f sin(7r(t, -t,+i-l)/p) 

If for all a G S', [/]^"* = /, we will say that the function is symmetric with respect to 
the rational action. If for all cr G S', [Z]^*^*^ = /, we will say that the function is symmetric 
with respect to the trigonometric action. 

This definition implies the following important Remark. 

Remark. If w{ti, . . . ,ti) is symmetric with respect to the rational action and 
W{ti, . . . ,ti) is symmetric with respect to the trigonometric action, then ^iwW is a 
symmetric function of ti, ... ,ti (in the usual sense). 

3.3. Rational weight functions. Fix natural numbers n, /. 

_ n _ 

Set ZJ" = {I = (/i, . . . ,ln) e ZIq \ J2h = I}- For / G Z^" and m = 0, 1, . . . , n, set 



i=l 

m 



i=l 



For / G 2", define the rational weight function wj by 



wj 



{t,z,\) = Yl 



o-GS 



"1 rat 

n (t^^uB^^ 

m=l j=;"i-i+l \ fc=l 



-I <T 



For fixed z, A G C", the space spanned over C by all rational weight functions wjit, z, A), 
/ G ZJ^, is called the hypergeometric rational space specialized at z, A and is denoted 
^ {z, A) = A). This space is a space of functions of variable t. 

For generic values of z,X, the space ^{z,\) can be identified with the space (V^* ® 
. . . ® V^^*^)i by the map 

a{z, A) : ® . . . ® w^t, A). 

Here {(/'fj)* | / G Z>o} is the basis of V^_, dual to the standard basis of V\. given by 
{f^Vi I / G Z>o}, see Lemma 4.5, Corallary 4.8 in \\TV1\\ . 
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3.4. Trigonometric weight functions. Fix natural numbers n, I. 
For r G ZJ^, define the trigonometric weight function Wj by 



W,{t.z,\) 



n l„ 

nn 



sm{n/p) 



n 



h)/p) 



sin(7r(tj - Zk + \k)/p) 

\ sin(7rs/p) ^^^^sui^Tiitj - Zm - \m)/v) sin(7r(tj - Zk - \k)/v) 



n 



trig 



A function W{t, A) is said to be a holomorphic trigonometric weight function if 



W{t,z,\) 



2niz., 



-/P)W^{t,z,X), 



mi+...+mn=l 



where arn{\,u) are holomorphic functions of parameters X,u E C". We denote & the 
space of all holomorphic trigonometric weight functions. This space is a space of functions 
of variables of t, 2;, A. 

For a permutation a G S", define the trigonometric weight functions Wf by Wf{t, z, A) = 
W^iit, crz, aX), where al = (/^,, . . . , l^J, az = (z^^, . . . , z^J, aX = (A^,, . . . , A^,J. 

For fixed A, z G C" and cr G S", the space spanned over C by all trigonometric weight 
functions Wf{t, z,X), I E ZJ^, is called the hypergeometric trigonometric space specialized 
at z, X and is denoted (3'^ {z, X) = <3 ^''^{z, A) . This space is a space of functions of variable 
t. 

For generic z, A, the space C5 '^{z, A) does not depend on cr, see Section 2 in |[rVl| 
denote it {z, A). 

For Tg ZJ^~^, define the singular trigonometric weight function Wp"'^ by 



, we 



"^(t, z, A) = 

n—l In 



E 



X 



sin(7r/p) 
- sin(7rs/n 

1 s=l ^ ' 



nn 



sin(7r(zm - A™ - - A,„+i + s - l)/p)x 



n 



■^_^^sin(7r(tj - - sin(7r(tj - z„,+i - X„,+i)/p) 

- trig 



^ -TT sin(7r(tj - Zk + Xk)/p) 
sin(7r(tj- - Zfc - Xk)/p) 

For fixed 2;, A G C", the space spanned over C by all singular trigonometric weight 
functions Wi{t^z,X), I G is called the singular hypergeometric trigonometric space 
specialized at z^ X and is denoted ^^'^^{z, A) = ^^^'"(z, A). 

We have A) C {z, A), see Lemma 2.29 in |TV1|]. 

A function W{t, z, A) is said to be a holomorphic singular trigonometric weight function 
if W{t, z, X) is a holomorphic trigonometric weight function, and for all 2;, A G C"", the 
function W{t, z, A) belongs to **"^(2;, A). We denote ''^"^ the space of all holomorphic 
singular trigonometric weight functions. This space is a space of functions of variables 
t, z, A. 



Lemma 4. For any I G the function '''^(t, z, A) belongs to ''''^^ . 
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Proof: By Lemmas 2.28 and 2.29 of [[rVl|| , we have the decomposition (|l]) 



{t,Z,X) 



mi+...+m„=i 



Here a^[\^u) are meromorphic functions of AjM G C". The functions am(A,M) are holo- 
morphic for the following reason. 

Suppose, for some mo G Z[ and some Z, A G C" the function am(A,M) has a pole at 
Z, A. The functions ^, A), m G 2" are linearly independent for generic t,z,X by 



Lemma 2.28 in |[TV1|| . Moreover, for generic t, the functions Wm{t, z, A), m G Zp, do not 
have poles at Z,A. Hence, for generic t, the function Wp"'^{t, z, X) has a pole at Z, A. 
But this is not so. □ 



For / G 2", define the weight coefficient c^(A) by 

M^ _ TT 'rr^ sin(7r(s + l)/p) sin(7r(2A™ - s)/p) 
"'^^^ - 11 11 ^^^) • 

m=l s=0 ^ ' 

Let q = e^^/P. The weight space (V^^ • • • ® V";f_^ ); is mapped to the trigonometric 
hypergeometric space A) by 

b^z, A) : /^< ® . . . ® ^ cKA)H^f (t, ^, A). (2) 

If z, A are generic and q is not a root of unity, then the map bo-(-2. A) is an isomorphism 
of vector spaces, see Lemma 4.17 and Corallary 4.20 in ||TV1|] . Moreover, the singular 
hypergeometric space is identified with the subspace of singular vectors, 

-^{z, A) = b^z, X){{Vl^ ® . . . ® VIJD, 

see Corallary 4.21 in fT\% . 



The composition maps 
b^,^iz,X): {V^,®...®V^,)i^{Vl ®...®VX )i, b^,^iz,X) = {b^{z,X))-'ob^>{z,X), 

are called the transition functions. 

Theorem 5. (Theorem in |[rVl|| . j Let q he not a root of unity. For any o" G S" 

and any transposition (m, m + 1), m = 1, . . . , ri — 1, the transition function 

b.,.oim.m+i){z, A) : {Vl ^...^Vl ^Vl VI )i {VI ®...^Vl )i 

equals the operator Pyl yi Ryi yi [e^'^^^^'^'^+^~^'^'^''^^) acting in the m-th and {m+ 
l)-st factors. Here Pyi yi is the operator of permutation of the factors V^ and 
V" 



Corollary 6. Let q he not a root of unity. For any a G S" and any transposition 
{m,m + l),m = 1, ... ,n — 1, the transition function bcr,cr'{z, A) can he factorized to a 
transition function 

{z, A) : {LI, ® . . . ® LI, {Ll^ ® . . . ® Ll^ 
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Moreover, for any a G §" and any transposition (m, m+ 1), m = 1, . . . ,n — l, the induced 
transition function 

23,,,o(™,m+i) {z, A) : {Ll ® . . . ® ® ® . . . ® ); (L^ ® . . . ® )i 

equals the operator P^q Rj^q ^q (^e^^''-^^'^m,+i-^<^m)/p^ acting in the m-th and 

{m + l)-th factors. 

Corollary ^ follows from Theorems @ and ^. 

Thus, the map bo-(z, A) : {V^^^ (S) ■ ■ ■ <S) V^^ )i ^ & {z, A) can be factorized to a map 

^.(z,A): iLl^®...®LlJi^(5iz,X), (3) 

defined by the same formula (0). Moreover, the image of ^f^{z,X) does not depend 
on a. Transition functions (*Bo-(z, A))^^ o A) are well defined, and {^„{z, X))~^ o 

^„,{z,X) = ^^,^iz,X). 

3.5. Hypergeometric integrals. Fix p G C, Rep < 0. Let Im/i 7^ 0. Assume that 
the parameters 2;, A G C" satisfy the condition Re {zi + Aj) < and Re {zi — Aj) > for 
alH = 1, . . . ,n. For a rational weight function Wi{t, z, X), J E ZJ^, and a trigonometric 
weight function W{t, z, X) E <3 , define the hypergeometric integral I{w, W){z, A) by the 
formula 

I{w,W){z,X)= j ^i{t,z,X)w{t,z,X)W{t,z,X)dh, (4) 

Reti=0, 

where dH = dti . . . dti. 

The hypergeometric integral for generic z, X and an arbitrary step p with negative 
real part is defined by analytic continuation with respect to z, X and p. This analytic 
continuation makes sense since the integrand is meromorphic in A and p. The poles of 
the integrand are located at the union of hyperplanes 

ti = Zk±{Xk + sp), ti = tj ± {1 - sp), (5) 

i,j = 1, . . . ,1, k = 1, . . . ,n, s G Z>o. We move the parameters z, X and p in such a 
way that the topology of the complement in C' to the union of hyperplanes does not 
change. We deform accordingly the integration cycle (the imaginary subspace) in such 
a way that it does not intersect the hyperplanes (|^) at any moment of the deformation. 
The deformed integration cycle is called the deformed imaginary subspace and is denoted 
3 {z, A), 3 {z, A) C C'. Then the analytic continuation of integral (^) is given by 

I{w,W){z,X)= j ^i{t,z,X)w{t,z,X)W{t,z,X)d% (6) 
see Section 5 in [P?V1 |. 

Theorem 7. (Theorem 5.7 in \\TV1\\ . ) Let Im/x 7^ 0. For any Wi{t,z,X), I G 2", and 
any W{t, z. A) G , the hypergeometric integral (j^) is a univalued meromorphic function 
of variables p, z, X holomorphic on the set 

Rep<0, {!,...,/} ^pZ, 



2Xm — s ^ pZ, m = l,...,n, s = 1 — — 1, (7) 
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± Afe — ± Am — s ^ pZ, k,m = 1, . . . ,n, k ^ m, s = 1 — — 1, 

where we allow arbitrary combinations of±. 

The case Im /i = is treated in the same manner. 

Theorem 8. (Theorem 5.8 in [ [TVlf J Letlmfi = 0. Foranywi{t,z,X), I G 2", and any 
W{t, 2, A) G (5 ^/ie hypergeometric integral is a univalued meromorphic function 
of variables p, z, A holomorphic on the set (0). 

For a function W{t^ z,X) G (5 , let '^wi^^ A) be the following Vx-^ ® . . . ^ Vx„-valued 
function 

^w{z, A) = Yl ^)(^' ^) ^''^1 ® • • • ® -^'"^^ • 

h+...+i„=i 



Theorem 9. (Corollaries 5.25, 5.26 in [ [l'Vl| .) Letp,z,X be such that conditions (Q) 
are satisfied. 

i) Let Im/i ^ 0. Then for any function G C5 , the function '^w{z, A) is a solution 
of the qKZ equation with values in (Va^ ® . . . ® V\„)i. 

a) Let Im fi = . Then for any function W ^ g5««"9^ the function "^wi^, X) is a solution 
of the qKZ equation with values in (Va^ ® . . . C?) Va^)^ 

The solutions of the qKZ equation defined by are called the hypergeometric solu- 
tions. 

4. Main results 

Fix natural numbers n, I. We will often assume the following restrictions on the pa- 
rameters p, z, A: 

Rep < 0, 1 ^ pZ, (9) 
{s\s e Z>o, s <2 max{Re Ai, . . . , Re A„}, s < 1} f^{pZ} = 0, (10) 

{2Am - s I s G Z>o, s < 2ReA„, s < /} p|{j9Z} = 0, m = l,...,n, (11) 

Zk- Zm± (Afc + Am) + s ^ {pZ}, k,m = 1, . . . ,n, k m, s = 1 - I, . . . ,1 - 1. (12) 

Sometimes, in addition we will make the following assumption. Let A G C". For each 
i G {1, . . . , n} such that Aj ^ A+, assume 

{i,...,onw=0' (13) 

{2Xi - s I s = 0, 1, 1} p|{pZ} = 0. (14) 

Notice that if the parameters p, z, X satisfy conditions (D-(|l^), then they also satisfy 
conditions (0). 
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4.1. Analytic continuation. The case Im/x 7^ 0. Let A = (Ai,...,A„) G C", I = 
(/i, ...,/„) G Z>g. An i-th coordinate of I is called A-admissible if either A, ^ A+ or 
Aj G A"*" and /j < 2Aj. The index Z is called A-admissible if all its coordinates are A- 
admissible. Denote B\{1) C {l,...,n} the set of all non- A- admissible coordinates of 
[. 

Remark. Let p be generic, A G C", / G 2". Then the weight coefficient c^(A) is not 
equal to zero if and only if the index / is A-admissible. 

Let m G and Ba{1) ^ B{^{fri). Then the function c(A) = Cm(A)/c;-(A) is holomorphic 
at A. Moreover, c(A) = if Bj>^{l) 7^ Bj>^{m), and c(A) is not zero if -Ba(0 = Bj>^{m). 

Theorem 10. Let Im/i 7^ 0. Le^ p satisfy condition @. Lei Z, A G C" satisfy condi- 



tions ([7^ -([7^). Lei l,Th G Z]^ . Assume that for all i = 1, . . . ,n either the i-th coordinate 
of I or the i-th coordinate of fh is A-admissible, i.e. B{l)f]B{rh) = 0. Then the hy- 
pergeometric integral I{wi,Wm){z, X) is holomorphic at Z,A. Moreover, there exists a 
contour of integration 3 {Z, A) C independent on I, fh, such that for all z, \, in a small 
neighborhood of Z, A we have 

I{wi, Wrn){z, A) = j z, X)Wi{t, z, X)W^{t, z, A) dH. 

0{Z,A) 



A contour 3 (Z, A) with properties indicated in Theorem [1^ is called an integration 
contour associated to Z,A. 

Theorem [1^ is proved in Section |^. 



For l,m E Z^, introduce a function 

Jl,rni^, A) = Crn{X)I{Wi, Wrn){z, A). (15) 

Theorem 11. Let Im/i 7^ 0. Letp satisfy condition (|^. Let Z, A G C" satisfy conditions 
([7^)-([7^. Let l,m E Z" . Then the meromorphic function Ji jj^{z,X) is holomorphic at 
Z,A. Moreover, if Ba(1) C Bi^{fh) and Bp^iJ) 7^ B/<^{m), then Ji^^{Z,A) = 0. 

Theorem [Tl| is proved in Section |^. 

Let A G C", r,m G ZJ" and Ba{1) = BK{rfi). Denote B the set B^iJ) = Bj^irfi). 
Introduce A'{B) = (A;, . . . , A^,) G C" by the rule: A[ = Ai ii i ^ B and A^ = -A^ - 1 if 
ieB. 

Let l'{B) = (/;,...,/;), where l[ = liiii^B and = k - 2Ai - I ii i e B. Similarly 
let m'{B) = {m[, . . . , m'^), where m'- = rrii if i ^ B and m'- = rrii — 2Aj — 1 if i G 5. 
We have l[ -\- . . . -\- 1'^ = m[ -\- . . . -\- m'^ = / — 2 ^ Aj — We denote this number 

l\B). 

Theorem 12. Let Im/i 7^ 0. Letp satisfy condition @. Let Z, A G C" satisfy conditions 
(|7^-(|ID. Let r, m G Zl' and Ba{1) = Biy{m)=B. Then 

Jl^{Z,A) = U{Z)Jj,^s),^,^s){Z,A\B)), 

where ^\{z) is a nonzero holomorphic function at Z given below. 

Theorem [1^ is proved in Section |^. 

Notice that Ji,(^B),m'{B)iz, -^'(B)) = Cfn'{B){A'iB))I{wj,^B),Wfh'{B)){z, A'{B)), where 
-^(^P(B)? Wm'(B)){z, A) is an /'(i?)-dimensional hypergeometric integral. The indices l'{B), 



THE QKZ EQUATION IN TENSOR PRODUCTS OF IRREDUCIBLE MODULES 



13 



m'{B) are A'(i?)-admissible. By Theorem the integral J(wp(B), is 
well defined. Theorem connects /- and Z'(i?)-dimensional hypergeometric integrals. 
Now, we describe the function <t\{z). For k G Z>o, let 

_ fc+i 

j=i 

For z,A G C^,j G {l,...,n},A; G Z>o, let 

r ^ = n ^17 - + + Aj - s)/p) A r((2:j-2:^ + Aj + A— g)/p) 

fi vfi ^^(^^ - - - + ^)/^) - + ^)/^) . 

Then 

Consider a square matrix 

f{z, A) = {Ji^^{z, X)}lrneZ^- (16) 

Recall that for generic p, we have Cm,(A) 7^ if m is A-admissible. According to Theo- 
rem 0, the matrix (|1^) is holomorphic if conditions (|^) hold. According to Theorem |11 
the matrix ( |T6| ) is holomorphic on a larger set of parameters (^)-(12). 



According to Theorem O, if some of Ai, . . . A„ become nonnegative half-integers, then 



the matrix ( |16|) becomes upper block triangular in the following sense. 

Let A G C". Divide the set of indices into subsets labeled by subsets of {1, . . . , n}. 
The subset of corresponding to a subset B C {1, . . . ,n} consists of all J G -Z" such 
that B\{1) = B. Since the rows and columns of matrix (|16D are labeled by elements of 
Z", matrix (p!6|) is divided into blocks labeled by pairs -61,-82 C {1, . . . , n}. 

Choose any order < on the set of all subsets of {1, ... , n} such that for any Bi, B2 C 
{1, . . . , n}, Bi C -B2, we have Bi < B2. Theorem |ll] says that matrix ([l6|) is upper block 
triangular at (z. A) with respect to this order. Namely, the block corresponding to a pair 
-Bi, B2 is equal to zero if Bi < B2. 

Theorem |T2| describes the diagonal blocks of matrix (|16D . The diagonal block of J' (z. A) 
corresponding to a subset B C {1, . . . coincides (up to multiplication from the left 
by the non-degenerate diagonal matrix {^A,rn{z)}mezi') with the diagonal block of the 
matrix j'-'^^^z, A'{B)) corresponding to the empty subset of {1, ... , n}. 

4.2. Analytic continuation. The case Im /i = is treated similarly. 

A function G '^'"^^ is called A-admissible if for all non- A- admissible rh G ZJ^, the 
functions am(A,M) in decomposition (P are equal to zero. 

Theorem 13. Let Im/i = 0. Letp satisfy condition (|^. Let Z, A G C" satisfy conditions 
Letl e Zl". Let W G (g ''"^ be A-admissible. Then the hypergeometric integral 
I{wi,W){z, X) is holomorphic at Z,A. Moreover, there exists a contour of integration 
3 [Z, A) C independent on I and W , such that for all z, X, in a small neighborhood of 
Z, A we have 

I{wf,W){z,X) = J Mt,z,X)wi{t,z,X)W{t,z,X)dh. 

0{Z,A) 
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A contour 3 {Z, A) with properties indicated in Theorem [T^ is called an integration 
contour associated to Z, A. 

The proof of Theorem O is similar to the proof of Theorem ITU. 



It follows from the proof that a contour of integration associated to Z, A with respect to 



Theorem |T0| is also an integration contour associated to Z, A with respect to Theorem [13 
and vice versa. 



Theorem 14. Let Im/x = 0. Letp satisfy condition (|^. Let Z,Ae C" satisfy conditions 
(|ig)-(|ID. Let I e Zp, W e 6"^"^. Then the meromorphic function Ci{X)I{wi,W){z, X) 
is holomorphic at Z,A. Moreover, if I is not A-admissible and W is A-admissible, 
the function C;-(A)/(w;-, W){z, A) is equal to zero at {Z,A). 



then 



The proof of Theorem |T^ is similar to the proof of Theorem 

Notice that in Theorem |1^ we consider the function Ci{X)I{wi,W){z, X) and not the 
function Cm{X)I{wi, Wrn){z, X) as in Theorem 111. 



4.3. Solutions of qKZ with values in irreducible representations. For m G 2", 

consider a Va^ ® . . . (S) Va„ -valued function 

vi/^(^,A)= Yl Ji,A^A)f'v^0...0f-Vn. (17) 
h+...+in=i 



Corollary 15. Let Im^ ^ 0. Let p E C and A G C" satisfy conditions ([^)-([71|). Then 
the function \E'm(-2, A) given by ([7^ is a meromorphic solution of the qKZ equation with 
values in (Vai ® . . . ® Va„)z, holomorphic for all z satisfying condition ([7^. 

Corollary |1^ follows from Theorems and [11]. 

Let A G C". For any A-admissible fh G consider a function 

^^{z, A) = Y, K^h W^){z, X)f'vi ® . . . ® /'"t;„, (18) 

where the sum is over all A-admissible / G 2". 

Corollary 16. Let lm.fi ^ 0. Let p G C and A G C" satisfy conditions ([^)-([71|). Then 
for any A-admissible fh G Zf, the function \I'm(z,A) given by ( [7^ is a meromorphic 
solution of the qKZ equation with values in (La^ ® . . . ® L\^)i, holomorphic for all z 
satisfying condition ([7^. 

Notice that vectors f^^vi ® . . . ® f^"Vn with A-admissible / G -Z" form a basis in 
(Lai ® . . . ® LaJ;. 

Corollary |l^ follows from Corollary |T5| and Lemma |^. 

Let Im/i = 0. For W G (S"**"^, consider a.Vx^® ■ ■ .® VA„-valued function ^w{z,X) 
given by (|). 

Corollary 17. Let Im/x = 0. Let p G C and A G C" satisfy conditions (|^-([7J). Let 

W G 0^*"^ be A-admissible. Then the function '^w{z,A) given by ([^) is a meromorpfic 
solution of the qKZ equation with values in (Va^ (S> . . . ® VA„)f"^, holomorphic for all z 
satisfying condition ([7^. 
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Corollary ^ follows from Theorems and [13. 
Let A e C", e Consider a function 

■^w{z, A) = 5^ /K, A)/Si ® . . . ® f-Vn, (19) 

where the sum is over A-admissible I G Zf'. 



Corollary 18. Let Im/x = 0. Let p G C anc/ A G C" satisfy conditions -^ei 
W G 0''*"'^ 6e K- admissible. Then '^^r{z,h) given by ([T^ ) zs a meromorphic solution of 
the qKZ equation with values in (La^ ® . . . ® La^)^"'^, holomorphic for all z satisfying 
condition (IB 



Corollary |l^ follows from Corollary and Lemma |^. 

The solutions of the qKZ equation defined by formulas ([18|) , ([19|) are called the hyper- 
geometric solutions. 



4.4. Determinant of the hypergeometric pairing. Let Im yU 7^ 0. The determinant 
of the matrix J'(z, A) defined by ( [I6| ) is given by 



det{Ji{z,\)) = (22)'(""^')(/!)("-^')(e^ - 1) 



-2 f A„/p.("+^^)+2n/p.("+;-l)^ 



X 



X exp(/i ^ Zm/p ■ 

m=l 

X exp (/i + vri 



n 



v,m=l 



+ / - 1 
n 



njp ■ 



n + / - 1 
n + 1 



X 



n 

s=0 



r(i + i/p)"r(i + (. + i)/p)-" n 



TT 



m=l 



(2A„ - s)Ip) 



X 



n 



l<fc<m<n 



r((Zfc + Afc - 2:n^ + Am - g)/p) 

r((2;fc - Afc - - Am + 



cf. Theorem 5.14 of TVl 



For A G C", consider a matrix 



(20) 



where l,m E run through the set of all A-admissible indices. 

By Theorem |10|, the matrix Jadml-^'-^) — •^\&aS/^i'^iV) holomorphic at (-2, A) if pa- 
rameters j9, 2, A satisfy conditions (PD-(p!^). 

Theorem 19. Let Im/x 7^ 0. Lei p G C anc? z, A G C" satisfy conditions ([^)-([T^). T/ien 
i/ie matrix J^^jjj(z,A) non- degenerate. Moreover, for generic p, 



det(JL„.(^,A)) = n (CA(^)Wdet(/(-^)(z,A'(A))) 

A, AcB(A) 



(-1)1- 



(21) 



16 E. MUKHIN AND A. VARCHENKO 

where B{A) is the set of alii E {1, . . . , n} such that Aj G A+, and the function C/y{A){z) 
is given by 

CAiA)iz) = n n ( n_2A._n! ^2A, ^A,^,2AA^)) ■ 

Theorem [T^ is proved in Section |^. 
Consider a pairing 

s^,{z) : [L\^ L\y ® ((La, L^^)i)* ^ C, 

defined by 

(r^t;? ® . . . ® ® {f'^v, ® . . . ® f'-VnT ^ Ji^iz, A) G C, 

where l,fh E are A-admissible. 

Corollary 20. Let Im/i 7^ 0. Let p E C and z, A G C" satisfy conditions ([^)-(fi^). T/ien 
i/ie pairing s^{z) is well defined and non- degenerate. 



Corollary ^ follows from Theorem |19[ 

Corollary 21. Let lm.fi ^ 0. Let p E C and A G C" satisfy conditions (|^-([71|) and 
([7^ -([7^. r/ien any solution of the qKZ equation with values in (La, ® • • • ® LA,Ji is a 
linear combination of the hypergeometric solutions ([7^ with p-periodic coefficients. 



Corollary ^ follows from Corollary |20| . 

Similarly, for a permutation a G consider a pairing 

■■ (^L, ® • • • ® ^LJ^ ® ((^Ai ® • • • ® ^aJO* ^ c, 

defined by 

(r'^^< ® . . . ® r-t;^J ® (/^i;i ® . . . ® /'"t;„)* ^ c^(A)/(w;,-, iy?)(z, A) g C, 
where l,m E Z"^ are A-admissible. 

Corollary 22. Let Im/x 7^ 0. Lei p G C anc/ z, A G satisfy conditions ([^)-([7^). L/ien 
/or ani/ permutation a E S", t/ie pairing s'^J^z^ is well defined and non- degenerate. 

Corollary ^ follows from Corollaries ^ and |^. 

For a permutation o" G S" and a A-admissible index m E Zf'., consider a function 

vl/^(z, A) = 5^ /(^^, iy?)(^, X)f'-vi ® . . . ® /'"t;„, (22) 
where the sum is over all A-admissible / G Zf. 

Corollary 23. Let Im/i 7^ 0. Let ct G S" &e a permutation. Let p E C and A G C" 
satisfy conditions (|^-([77D anc? ([7^) -([7^. T/ien any solution of the qKZ equation with 
values in (La, (8> . . . (S> La^); is a linear combination of the hypergeometric solutions ( |^ 
wt/i p-periodic coefficients. 

Corollary ^ follows from Corollary 
The map s'^^{z) induces a map 

5^(^) : [Ll^^ Llji (La, ® . . . ® LaJ,. (23) 
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This map is an isomorphism of vector spaces for all z satisfying (|T2]). For a fixed vector 
e {J-'\^^ ® . . .® )i, the (Lai (S> . . . ® LA„)rvalued function s'^{z)v'^ is a solution of 
the qKZ equation. This construction identifies the space S of all meromorphic solutions 
to the qKZ equation with the space (Li ® . . .®Ll )i®F where F is the field of scalar 

■'■-(T]^ (7 ft 

meromorphic functions in Zi, Zn, p-periodic with respect to each of the variables, 



Let now Im jj, = 0. Consider a pairing 

s,{z) : {LI ® . . . ® Lljr ® ((^A. ® • • • ® ^aJO* - C, 

defined by 

I{wi,^,d{z,A)v''){z,A)eC, 

where I E is admissible, G (L^^ $>>... ® L^^)f "^. The map *Bid(-2, A) is defined in 
d), the integral J(iy^, Q3id(2, A)t'^)(2;, A) is taken over an integration contour associated 
to A). 

The map s^(z) induces a map 



s,Az. 



■ (LI ® . . . ® Lljr - (^A. ® . . . ® ^AJ^ (24) 



smg 



By Corollary |T8|, the image of s^{z) belongs to (La^ ... -^^a„J; 
Theorem 24. Lei Im/i = 0. Lei p G C and z,Ae C" satisfy conditions Lei 
^ 2A„i — s ^ {]9Z<o} /or s = / — 1, . . . , 2/ — 2. T/ien t/ie majo 



m=l 



~s,{z) : (Ll^ ® . . . ® LXjr^ (La, ® . . . ® LaJ^ 
is an isomorphism of vector spaces. 

Theorem is proved similarly to Theorem using Theorem 5.15 in [ [l'Vl| . 
Corollary 25. Let Im/i = 0. Let p G C and A G C" satisfy conditions (|^- ([H|) anc? 

n 

([7^ -([7^. Let ^ 2Am — s ^ {pZ^o} /or s = I — 1, ... ,21 — 2. Then any solution of 

m=l 

the qKZ equation with values in (La, . . . ® LA„)f"^ is a linear combination of the 
hypergeometric solutions ([J^ ) wt/i p-periodic coefficients. 



Corollary ^ follows from Theorem ^ 

4.5. Asymptotic solutions. Let U he a. domain in C" and let Mi,... , M„ be s/2 
modules. A basis . . . , \E'Ar of solutions to the qKZ equation with values in (Mi ® . . . ® 
Mn)i, is called an asymptotic solution in the domain U if 



71 



^j{z) = exp(^ a^jZ^/p) Yl i^k - ZmP''"'{vj + 0(1)), 



m=l l<m<k<n 



where amj and bjkm are suitable numbers, fi, . . . ,fAr are vectors which form a basis in 
(Ml (g) . . . (g) M„); and o(l) tends to zero as z tends to infinity in U. The domain f/ is 
called an asymptotic zone. 
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Let "^{{z), . . . ,'^]^{z) and "^Kz), . . . ,'^%{z) be asymptotic solutions in asymptotic 
zones t/i e C" and U2 G C", respectively. Then 

N 

i=i 

for suitable meromorphic functions T-{z). The matrix valued function T{z) = {T-{z)) is 
p periodic with respect to variables zi, ...,Zn and has nonzero determinant for generic z. 
The function T{z) is called the transition function between the asymptotic solutions 
and 

We describe the asymptotic zones, asymptotic solutions and transition functions of the 
qKZ equation with values in (La^ ® . • • ® Lx„)i- Our results are parallel to the results 
of [ P?V1|| , where the asymptotic zones, asymptotic solutions and transition functions are 
described for the qKZ equation with values in (Va^ ® . . . ® Va„)z. 

For a permutation a G S", define an asymptotic zone in C", 

t/^ = {^GC"|Re2,, <...<Re;z,J. (25) 

Say that ^ — >• cx) in ?7o- if Re {za,„ — -Zcr^+J — ^ —00 for all m = 1, . . . , n — 1. 

For each permutation a G S", let \Ef°"(A) be the set of solutions {^'^} of the qKZ 
equation with values in (La^ ® . . . ® Lx„)i given by (|^). Here fh G runs through the 
set of all A-admissible indices. 



Theorem 26. Let Im/i 7^ 0. Letp G C, A G C" satisfy the conditions ([^)-([7iD. Then for 
any permutation a G S", t/ie sei of solutions \E''^(A) forms a basis of solutions. Moreover, 
the basis of solutions \Ef'^(A) is an asymptotic solution of the qKZ equation with values in 
(I/Ai ® . . . ® L\^)i in the asymptotic zone U„. Namely, 

n 

^'f (2;) = Ef exp{n ^ lmZm/p)x 

m=l 

X n ^^^''k ~ (g) . . . (g) + 0(1)) 



l<k<m<n 



as z ^ 00 in U a- so that at any moment condition (|7^ is satisfied. Here \ aig{{Zfy^, — 
Z(jm)/p)\ < and is a constant independent of the permutation a and given by 

n 

Ef = {2ty l\ T{-l/py^ JJ [(e^ - i)(''"('™-i)-2UA„)/p^ 

X exp((/i + m){l^A^ - - l)/2)/p) J] r((2A„ - s)/p)T{-{s + l)/p)] , 

s=l 



where < arg(e^ — 1) < 27r. 



The proof of Theorem |2^ is the same as the proof of Theorem 6.4 in |P?V1| 



Notice that the asymptotics of the basis of solutions \E''^(A) determine the basis uniquely. 
Namely, if a basis of solutions meromorphically depends on parameters /i, z, A and has 
asymptotics in described in Theorem pBl then such a basis coincides with the basis 



\E''^(A), see the Remark after Theorem 6.4 in |[TV1 
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The isomorphism : (L'i (g) . . . )i ® F S, defined in Section E^, allows 
US to identify the basis of solutions \Ef°"(A) with a basis of {L\^ ® . . . ® )i ® F, 
considered as a vector space over F. Then the transition function between two asymptotic 
solutions \I''^(A) and \E^'^(A) is identified with an F-linear map {L\ ^ . . L\ ); (g) F — > 
iLl,^---^LlJ,^F. 

Corollary 27. Let Irafi ^ 0. Let p G C,A G C" satisfy the conditions ([^)-([7^ and 



'\r^-{14)- Then for any permutation a G §" and a simple transposition {m,m + 1), the 
transition function between asymptotic solutions \I''^(A) and vI>'^°("*'™+i)(A), 

equals the operator P^<7 j^q R^q j^q (e^'^^'-^'^^+i"^''™-'''^) acting in the m-th and 
(m + V)-th factors. 

Corollary ^ follows from Theorem ^ and Corollary ^ 

Theorem allows us to obtain another formula for the determinant of the hypergeo- 
metric pairing (cf. formula (|2T|) ). 

Theorem 28. (Joint with V.Tarasov) Let Im /i 7^ 0. Let p G C and z,A G C" sat- 
isfy conditions (|^-([7^. Then the matrix Jl^^{z,A) defined in is non- degenerate. 
Moreover, for generic p, 

det(4dm(^,A)) = 

PKA)exp(.g^^(A)^./.) ^J{^_^ n J ' 

where dkm = min {/, dimZvA^ — 1, dim^A^ — 1}, the functions Vi{A), Dm{-A) and Ekm{s, A) 
are given below. 

For m = 1, . . . , n and A G C", set 

min{i,dim La^~1} 

D^{A)= J2 {rdim{LA,(S)...(S)LZ(S)...(E)LAji_r). 

r=l 

For k,m = 1, . . . ,n, s E Z>o and A G C", set 



Ekm{s,A) = ^ (dim(LA^(g)LA„J^-s-l) dim(LAi®. . .OLa^®. ..®L 



where the sum is over r = s + 1, . . . , min {/, dim La^. + dim L^^ — 1 — s}. 
Finally, for A G C", set 

Vi{A) = n CiEr, 
I 

where the product is over A-admissible indices I G 2". 

The proof of Theorem is the same as the proof of Theorem 6.4 in [p?Vl |. 

5. Proofs. 

In this Section we collected the proofs of statements from Section H. 
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5.1. Proof of Theorem [T0| . Let Im/i 7^ 0. Fix a rational weight function w = Wf, and 
a trigonometric weight function W = Wm G , such that B{1) f]B{m) = 0. 

For 2;, A G C" such that Re (zj + Aj) < and Re {zi — Aj) > for alH = 1, . . . , n, the 
integral I{w, W){z, A) is defined by formula (H), 



I{w,W){z,X) 



f{t,z,X)d% 



i=l,...,i 



where f{t, z, A) = ^i(t, z, X)w{t, z, X)W{t, z, A). The integrand / has simple poles at 

ti = Zj ± {Xj + kp), k e Z>o, i = l,...,l, j = l,...,n, (26) 

and at 

ti-tj = ±{1 - hp), keZ>o, i,j = l,...,l, i<j. (27) 

On the complex line the poles of the first type and the integration contour can be repre- 
sented as follows. 



-^1 + Ai + 2p 2:1 + Ai + p zi + Ai 



Z2 + X2 + 2p Z2 + X2+P Z2 + X2 



zi — Xi zi — Xi — p zi — Xi — 2p 



Z2- X2 Z2- X2-P Z2- X2- 2p 



tl, . . . ,tl 

The integral I{w, W){z, A) = I{w, W){z, X,p) is a meromorpic function of z, X,p. 

Fix Z, A G C", P G C, satisfying conditions ([9|)-([T^). Our goal is to prove that 
I{w, W){Z, A, P) is well defined and is given by the integral over a suitable cycle. 

We fix parameters z°,A°,p° in such a way that ReA^ < 0, p^ is a negative number 
with large absolute value and |Im (z° + — z^ — A^)] is large ioi k,m = 1, . . . ,n and 

n 

kj^m. Namely, let p^ = -2J2 - 1, ^° = ^ (-ImA^ + 3kA), Xl = -1 +ilmAk, and 

i=i 

y4 is a large real number such that A > 2|Afc|, k = 1, . . . ,n. 

The proof is done according to the following plan. First, we represent the integral 
I{w, W) (z°, A°, p°) as a sum of new integrals of different dimensions. Then we analytically 
continue the function I{w,W){z, X,p) from z^,X^,p^ to z^,A,p^. Then we analytically 
continue the function I{w,W){z,A,p) from z^,A,p^ to z^,A,P. In the last step of the 
proof we analytically continue the function I{w, W){z, A, P) from z^, A, P to Z, A, P. 

For k G Z>Q, set k = ki -\ — ■ + kn and define the multiple residues of / by the formula 

resfc/ = rest^=2„+A„-fc„+i • • • rest^^^j^_^=22+A2-fc2+i • • ■''^^^tk^+i=z2+X2 

reSfj^^=2-^+Ai-fci+i • • • reSf2=2i+Ai-irest^=^j+Ai /• (28) 
U k > I, then we set res^/ = 0. 

The function les^f is a function of variables tk+i, . . . ,ti; z, X. In particular, for k = 
(0, ... ,0), we have res^/ = /. 

Lemma 29. Let k, k' G Z>q. Ifk' can be obtained by a permutation of components ofk 
then res^/ = res^//. 
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Lemma pQ] follows from the symmetry of the integrand /, see Remark in Section |372 . 
Lemma 30. For all i, j = 1, . . . ,1, and for any a ^ C, we have 

YeSt^=aTeSt,=a f = 0. 

Proof: Recall that / = ^iwW. On the hyperplane ti = tj, any function which is 
symmetric with respect to either rational or trigonometric action is identically equal to 
zero. In particular, w is equal to zero at the hyperplane ti = tj. Since all poles of / are 
at most of first order, we have the statement of the Lemma. □ 



Lemma 31. Let k G Z"q. The function res^/ is holomorpic for all tk+i, . . . ,ti; z, \,p 
satisfying conditions (J^) and such that 

ti ^ Zj ± {Xj + sp), s e Z>o, i = k + 1, . . . ,1, j = 1, . . . , 77,, 

ti -tj ±{1 - sp), s G Z>o, i,j = k + l,...,l, i<j, 
ti 7^ Zj + Aj — m ± (1 — sp), s G Z>o, i = k + 1, . . . ,1, j = 1, . . . ,n, m = 0, . . . , kj, 
Zi + Xi-Zj±{Xj + sp) m, s G Z>o, z, j = 1, . . . , fc, m = 0, . . . , A;, i 7^ j, 
2Xi + sp m, s G Z>o, i = 1, . . . , k, m = 0, . . . , fcj. 



Lemma ^ follows from formulas (PBD,(P7D for the poles of /, and formula ( P^D for the 
function res^/. 

For u G M", define a curve C„ = {Cu{x) G C | x G M} with the following properties. 
The curve Cu consists of 2n + 1 line segments and none of the line segments is horizontal 
(i.e. no line-segment is parallel to the real line). There are two line segments (rays) 
which go to +ioo and —ioo, these two rays are parts of the imaginary line. There are 
n vertical segments with real coordinates Ui, . . . ,m„ and imaginary coordinates close to 
Im(z? + A?),...,Im(zO + A°). 

The precise formulas defining Cu are as follows. For x < A and for x > {3n — 1)^4, let 
Cu{x) = ix. For (3m — 1)A < x < (3m + 1)A, m = 1, . . . , n, let Cu{x) = Um + ix, and this 
segment is called the m-th vertical segment. For m = 0, . . . , n, let {C„(x), (3m + 1)A < 
X < (3m + 2)A} be a parametrization of the line segment connecting Cu((3m + 1)A) and 
C((3m + 2)A). 

See an example of such a curve on the Figure of the proof of Lemma |33 . 
Lemma 32. Let ,A,z°,A°,p° be as above. For any sufficiently small e, 

/(^,iy)(.°, A°,/) = n\h\..lj{l-k)\ j res,/(t,.°,A°,/)ci'-'=t, (29) 

j = k+l,...,l 

where d^^^t = dt^^i . . .dti. Here C denotes the curve Cu with Um = min{— Re (2Am— A^) — 
e, 0}, m = 1, . . . ,n, and the sum is over all k G Z"q such that k < I, and k^ < 2Re A^ + l 
for m = 1, . . . , n. 

Proof: The integrand decays exponentially with respect to all ti, . . . ,ti. We move the 
contour of integration with respect to each variable ti to the left avoiding the poles at 
ti - tj = (1 - kp). 
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Initially, each of the variables runs through the imaginary line. We deform the contours 
of integration with respect to ti, ... ,ti in such a way that at every moment the contours 
of integration with respect to ti, ... ,ti are curves C„» with different parameters G M". 

First, we separate the contours of integration with respect to different variables by 
small distances as follows. 

J(ti;,iy)(/,A°,/)= / fdh= [ fd% 



j=i,...,l j=l,---,l 

where = {{j — I — l)p, . . . , (j — / — l)p) G M", and p is a small positive number. 

We deform the integration cycle {t G C'' \ tj G C^j, j = 1,...,/} changing , j = 
1,...,/. Namely, we move the vertical segments of contours of integrations C„i, j = 
1, . . . ,n, to the left, until we reach the vertical segments of the curve C, described in 
the Lemma, and get the integration cycle {t G C'' \ tj G C, j = 1, . . . , I}. During the 
deformation, we keep the same small distances between the contours of integrations C„j 
with respect to different variables. At every moment, when one of the vertical segments of 
the contour of integration goes through a pole of the integrand, we add another integral of 
lower dimension which is the integral with respect to remaining variables of the residue. 
For example, the first such event leads to the following decomposition. 



fdh = / fd^t 



=1,...,/ 



fd't+ I Test,=,,+xJd'~H 



7 = 1, ...i 



*l6<^{H,oA0-p/2'«2v-,«n) *J ^^(Ro A0 + {i-3/2)p,4 ,. . ' 

*j'^'^(R,oA0 + (j-3/2)p,^,...,^i)' j=2,-,l 
j=2,...,l 

Recall that ReA^ = — 1. In the first term of the resulting decomposition, moving the 
first vertical segment of the contour C^j^^, x1+i/2p,u^,...,ul) corresponding to t2, through the 
point + A5, we also get a lower dimensional integral. This integral is equal to the 



second term of the above decomposition by Lemma Note that due to Lemma |30|, the 
integrand of the second term of the decomposition does not have poles at tj = zi + Xi 
for all j = 2, . . . , /. Thus, we can move the first vertical segments of the contours 
corresponding to tj, j = 2, . . . ,1, through z^ + A° without getting new residues. 
Finally, we have 

I{w,W){z^,X^,p^) = 



I 



fd't + l I Test,=,,+xJ'd^ 



t ■ f-C t ■ gC 

^ {RoAO + (j-i-l)p,u^,...,ui)' ^ (Rc aO + 0-;-1)p,u^, 

j=l,...,l 3=2,.. .,1 
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In the first summand we move the contour of integration to 

{t eC'- \ tj e C(jj^in{_Rc(2Ai-A;)-e,o}y2.-yn)' i = • • • ' 

and the contour does not meet any other poles of the integrand. 

The integrand of the second summand has a simple pole at = + Ai — 1, since / 
had a pole at ti — tj = 1. It also may have a pole at 2Ai = coming from the pole at 
ti = zi — Xi, see Lemma ^ So, as before, we have 

J iest^=z^+\Jd^~^i = J res4,=^i+Ai/(i^"^t = 

j=2,...,l 3=2,.. .,1 



^ (RcAO-l+{i-!-l)p,u^,...,ui)' 
j=2,..,i 

+ (^-1) j rest2=^,+Ai-irest,=^i+Ai/(i'"^t. 

t gC 

J (RcA0-l+(i-!-l))p,4,...,«i)' 

j=3,...,i 

Again, we move the contour of integration in the first summand to 

{{t2, . . . ,t/) G ^ I tj G C(^in{_Rc(2Ai-A0)-e,0}V2v..Vn)' ^ = 2, . . . , /} 

without meeting any poles of the integrand, and the integrand of the second summand 
has simple poles at tj = zi + Ai — 2 coming from the poles at t2 — tj = 1. It may also 
have poles at 2Ai = 1 coming from t2 = zi — Xi. 



Continuing the process we prove Lemma 32. □ 



Lemma 33. The analytic continuation of the function I{w, W){z, X,p) from A°,p° to 
a neighborhood of the point z'',A,p° is given by 

/Kiy)(.°,A,/) = X^ ^,^^, _ _ I res-J {t,z\X,p')d^~% (30) 

i=fe + l,...,i 

where k = ki + . . . + kn, d'-~H = dtk+i . . .dti. Here C denotes the curve Cu with Um = 
min{— Re A^ — e,0} , m = 1, . . . ,n, e is a sufficiently small positive number, and the sum 
is over all k G Z>q such that k < I, and km < 2Re A^ + 1 for m = 1, . . . ,n. Morever if 
B{1) f]B{m) = then sum (||^ is well defined at z^,A,p°. 

Proof: We analytically continue each summand in p9| ) from z^,X^,p^ to z^,A,p^. By 
Lemma ^ the poles of the integrand of a summand and the contour of integration can 
be pictured as follows. 
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^2 + A2 - 4 



C{ui,U2) 



2^2 + ^2—2 ^2 + A2 — 1 ^2 + ^2 



Zi + Ai 



^1 + Ai - 1 -21 + Ai 



U2 



Im 



Z2 — A2 



zi - Ai 



Re 



Here Zj = z^, \j = A", j = 1, . . . , n. 



Note that there are also poles of the integrand of the type U = Zj ± (A-,- + p s), 
s = 1,2,... . These poles are far away from our picture according to our choice of p^. 
Note also that all poles are simple. 

We move the parameters A^ from A^ to A^. The contour of integration of each 
summand in Lemma |3^, {t E \ tj E C = C„(a), j = k + 1, . . . ,1}, depends on A. At 
every moment of deformation of parameters A^, we define I{w, W){z^, X,p^) by 

^' J Tes-J{t,z',X,p')d'-H, 



J(w,Vr)(z°,A,/ 



k 



n\ ki\...kj{l-k)\ 



i = k+l,...,l 



, n, and the sum is over all k 



where u{\) 
1,... 
m = 1, . . . , n. 

If Km ^ A+ for all m 



(Mi(Ai), . . . ,M„(A„)) e M", Um{\m) 



min{— Re (2Am — Am) — e, 0}, m = 
< 2ReAm for 



Z"q such that k < I, and k 



1, 



, n, then at every moment of the deformation the integrand 
is holomorphic by Lemma |31|. On the drawing, the points Zi — Xi, i = 1, . . . ,n, move 



to the left and the rest of the picture moves to the right. Note that the points Zi — Xi, 
i = 1, . . . ,n, encounter neither other points on the picture nor the curve of integration 

If, for some z G {1, . . . , n}, Aj G A"*", then by Lemma |HT|, the function Yes^{z, X,p) can 
have a pole at Aj = Aj for k such that ki = 2Aj. In this case, in the picture, in the last 
moment of the deformation the point Zi — Xi coincides with the point Zi + Xi — k. 



However, if w = Wf, W = Wm and B{1) f]B{m) = 
following two lemmas. 

Lemma 34. Let i G {1, . . . ,n} and Aj G A+. Let W = 

any w = wj, 

resA,=ATeSi =^,+A,-2A, • . . rest2=^,+A,-irest, 



then the pole is trivial by the 
Wm and rrii < 2Aj. Then for 



-Zi+X 



^iwW = 0. 
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Proof: Let i=l. We prove that 

i'es<2Ai+i=2i+Ai-2Ai • . .rest2=z^+x^^iTest^=^^+Xi^i'wW = 0. 
Recall that W has the form W = XI [• • ■ ]ct"^- The residue is nontrivial only for the terms 
corresponding to permutations a, which satisfy the condition: 



2A+1- 



mi>((T-i)i>(a-i)2>...>(a-i; 

If mi < 2A then there are no such permutations. 
The cases i = 2, . . . ,n are proved similarly. □ 



Lemma 35. Let i G {1, . . . ,n} and Aj G A+. Let w = wj and U < 2Aj. Then for any 
W = W^, 

resA,=ATeSf2A^^i=2,+A,-2A. • . . reSi2=^^+A,-irest,=^,+A,$«W;-W^ = 0. 
Proof: Let i=l. We prove that 

rest2A^+i=^i+Ai-2Ai • . .rest2=^i+Ai-irest,=2i+Ai$«W;-l#^ = 0. 
Recall that wj has the form wj = ^ [. . • ]™*. The resudue is nontrivial only for the terms 
corresponding to permutations a which satisfy the condition: 

^1 > (fX-^)l > > ... > ((7-l)2A+l. 

Since 1 ^ B{1), we have li < 2A and there are no such permutations. 
The cases i = 2, . . . , n are proved similarly. □ 



Lemma 33 is proved. □ 



Note that a residue of a meromorphic function can be described as an integral over a 
small circle. 

For 5 G C and e > 0, denote Vb C C the circle with center B and radius e. Denote 
V the curve with Um = min{— Re A^ — £, 0}. 

Lemma 36. The analytic continuation of the function I{w, W) from z^, A, to z^, A, P 
is well defined. Moreover, for sufficiently small e > 0, 

I{w,W)iz',A,P)= (31) 

/ \ 



m=0 ai,...,am t^^T), 

i — m+ 1, 



E E / E / f{t,z'A.p)dt.,...dt^^ 



dtm+1 ■ ■ ■ dti, 



\ i — 1 , . . . ,m / 



where the second sum is over all a = (ai, . . . , am) G such that for each i = 1, . . . ,m, 
there exist j G {1, . . . , n}, k,s E Z>o, such that ai = Zj + Aj — k + sP; is located to 
the right from T) and 7^ for all k,i = 1, . . . ,m, k ^ i. 
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Note that formula ( pTj) is a generalization of formula (0), however, in sum (|3TD there 
are many additional zero terms. 

Proof: We analytically continue each summand in ( pOD with respect to p from to P 
preserving z^,A. We move p and preserve the contour of integration X as long as the 
integrand is holomorphic for all t G X at z,A,p (cf. Lemma ^1]). When a pole of the 
integrand goes through the contour of integration, we do the same procedure as in the 
proof of Lemma 

An individual integral on the right hand side of (pTF) is over the cycle 



{t\ti e Va,, i = 1, . . . ,m; ti eV, i = m + 1, . . . ,1}. 



The points are the poles of the integrand which were on the left of T> at the beginning 
of the deformation and are on the right of V at the final moment of the deformation. All 
poles of the integrand which were on the right of T> at the beginning of the deformation, 
remain on the right at the every moment of the deformation. The new poles on the 
right of T> do not coincide with the old poles on the right of T> due to conditions (^-(|lT]) 
on P and A. 



Note, that the procedure of analytic continuation, described in Lemma gives de- 
composition (|3T|) in which the sum is over a = (ai, . . . , am), where some of coordinates 
tti could be equal. However, such integrals are equal to zero. In fact, let Oj = aj for some 
i < j. When we integrate over the variables ti, . . . the resulting integrand could 



have a pole at tj 



of at most first order. Then the reason of Lemma BO shows that 



the resulting integrand is holomorphic at tj 



"3- 



□ 



Let, V be the line {x G C | Rex = min{Re (Zj — Aj), z = 1, . . . , ra} — e}. 

Lemma 37. The analytic continuation from z^,A,P to Z,A,P is well defined. More- 
over, for sufficiently small e > 0, 



Iiw,W)iZ,A,P) 
I 



n 



m=0 bi,...,b„ 



{l-m)\ 



i — m+1, 



I 



E 



f{t,Z,A,P) dt^,...dt„^ 



\ 



1—1, . . . ,m 



(32) 



dtm+i • • • jdti, 



where the second sum is over all b = {bi, . . . , bm) G C'" such that for each i = 1, . . . ,m, 
there exist j G {1, . . . , n}, k,s E Z>o, such that bi = Zj + Aj — k + sP; and bi is located 
to the right from T>' . 

Proof: 

First, we move the parameters Zm from z^ to z'^ + Re Z^. The contour of integration 
of a summand in f^) has the form 



{t G C' |ti G X'a.(2), i = l,...,m;tieV = Cu{z), i = m + 1, . . . , /}, 
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where u{z) = Re {zm — A^) — e, and depends on z. At every moment of the deformation 
of parameters Zm, we define I{w, W){z, A, P) by 

Iiw,W){z,A,P) = 

( \ 



il-m)\ 

m=Oai,...,a^ t,eC„(,). . 

i— m+l , ... J \ 



f{t,z,A,P)dt, 



i — 1 , . . . ,m 

(ai, . . . ,( 



m+l 



(it/ 



G such that for each i = 1, 



such that ai = Zj + A, — + sP; and is located 



where the second sum is over all a = 
there exist j G {1, . . . , n}, k,s E Z>o, 
to the right from Cu{z)- 

Consider the summand related to a G C™. We move the contour of integration with 
respect to tm+i, ■ ■ ■ ,ti from ^^(^o+rcZ) to V. We use the method described in Lemma 

Finally, we move parameters Zi . . . ,Zn from 2;° + Re Zi, . . . , z° + Re Z„ to Zi . . . , Z„ in 
the same way as we moved Ai, . . . , A„ in Lemma 

I2D is over the cycle 



An individual integral in the RHS of 

{t\ti eVb^, i = 1, . . . ,m; ti eV, i = m + 1, . . . ,1}. 

The points bi are the poles of the integrand which were on the left of V at the beginning 
of the deformation and are on the right of V at the final moment of the deformation. All 
poles of the integrand which were on the right of T> at the beginning of the deformation, 
remain on the right of T>' at the every moment of the deformation. The new poles bi on 
the right of V do not coincide with the old poles on the right of V due to conditions 
(|1|) on Z. □ 



Theorem 10 is proved. □ 



5.2. Proof of Theorems [Tl| , |T2| . Let Im/i 7^ 0. Fix a rational weight function w = wj, 
and a trigonometric weight function W = Wm G <3 . Fix A G C". 

We fix parameters z,p, A° in such a way that Re < 0, p is a negative number with 
large absolute value and |Im {zk + Ak — Zm — Am)\ is large for A;, m = 1, . . . ,n, k ^ m. 

n 

Namely, let p = -2J2 - 1> -^fc = -1 + «Im A^, z^ = i (-ImAfc + 3kA), where A is a 
large real number such that A > 2\Ak\, k = 1, 



By Lemma 

I{w,W)iz,X,p) = }^-^^^ ^' J res-Jit, z,X,p)d'-% (33) 

i=fe + l,...,i 

where k = ki + . . . + k^, C denotes the curve Cu with Um = min{— Re (2Am — A^) — e, 0}, 
m = 1, . . . , n, e is a sufficiently small positive number, and the sum is over all k G Z"q 
such that k < I, and km < 2Re Am + 1 for m = 1, . . . , n. 
Let i G {1, . . . , n}. We have the following cases. 

1) . If z does not belong to B/^{rh), then the analytic continuation of the function 
I{w, W) {z, A, p) with respect to Aj from A° to Aj is well defined, see the proof of Lemma ^ 

2) . If i belongs to B\{fh) and i does not belong to Bj\,(J), then the analytic continuation 
of the function I{w, W){z, X,p) with respect to Aj from A^ to Aj is well defined, see the 
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proof of Lemma |3^. In this case Cm(A,p) is equal to zero at Aj = Aj, so Jifn{z, \,p) = 
Cm{^,p)H'^y A,p) is equal to zero at Aj = Aj. 

3). If i belongs to Bi^im) and to Ba{1), then in decomposition (^) all the sum- 
mands are well defined at Aj = Aj except for the summands corresponding to k such 
that ki = 2Aj + 1. Such summands have a simple pole at Aj = Aj, see the proof of 
Lemma |33|. In this case Cm(A,p) is equal to zero at Aj = Aj, so the function J^jn^z, X,p) = 
Crh{XiP)Iiw, W){z, X,p) is well defined at Aj = Aj. 

This proves Theorem |Tl|. 

Moreover, if B\{1) = B\{ffi) = B, then we have 

'>^r,m(2;,A,p) = ^ -y^-^ ^ _ J {CrnTeS-J){tk+l,. . . ,ti,Z,A,p)d^-H, 

i=fe + l,...,I 



where C denotes the curve Cu with Um = min{— Re A^ — e, 0}, m = 1, . . . , n, and the sum 
is over all k G Z>q such that k < I, k^ < 2Re A^ + 1 for m = 1, . . . , n, and km = 2Am + 1 
for all m & B. 

Let j G B. We compute the residues at points zj + Xj, Zj + Xj — 1, . . . , zj + Xj — 2Aj 
explicitly using the following Lemma. 

Lemma 38. Let B\{1) = B/^{m) = B and let j G B, so that Aj G A+, l,fn E ZJ^ and 
Ij, rrij > 2Aj. Let k = 2Aj, 

{cfnTest^^^=zj+\j-k ■ ■ ■ Test2=z,+\,-irest^=^^+x^^iWiWm){tk+2, ...,ti,z,A) = 

{k + l)\ e^('=+^)^^-"*/P^„^,fc ^A,M (c^u)$^-fe-iu;ro)iy^o))(tfc+2, ...,ti,z, A^'^), 

where = (/i, . . . , Ij—k—l, /j+i, . . . ,ln), ""^ = (n^i, ■ ■ ■ , n^j-i, nij—k—l, mj+i, . . . , m„) 
and A(^) = (Ai, . . . , Aj_i, -A^- - 1, A^+i, . . . , A„). 

Proof: Consider the case j = 1. For a function g{t,z,X), the coefficient in the Laurent 
expansion with respect to variables ti, t2Ai+i at tj = + Ai — z + 1, i = 1, . . . , 2Ai + 1, 
computed at Ai = Ai, i.e. the coefficient of 

2Ai+l 

n t 

1=1 



is called the main coefficient. We compute the main coefficients of the functions $z, Wf, Wm 
The main coefficient of the function z, A) is 



2Ai+l 



^YY^^ n r((., + A,-. + i-t, + i)/,) 



X 



-Q -Q r((tj -Zj + Aj)/p) 



j=2Ai+2 i-. 



k r((t, 



n 



r((t,-t,-i)/p) 



^" ^' 2Ai+l<i<j<l * J 
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Here ai(Ai) e C is some explicitly computable constant. Note that <^a(i),i,2Ai(^) — 
^K,i,2K]_{z). The main coefRcient of the function A) is equal to 

-j^ tj — — Ai tj — Zi + A[ sm{{tj — Z\ — KifTii/p) sin((tj — Zi-\- A[)7ii/p) 



j=2Ai+2 



tj — 2^1 + Ai tj — zi — A[ sm{{tj — zi + Ai)7ri/p) sin((ij — zi — K'^jm/p) 

where A'^ = — Ai — 1. 

The function z, A) has the form wj = [• • • ]™*. Consider the sum over cr e 

such that a{i) = i for all i = li + 1, We have 

Wi{t,z,X) = a2(Ai)x 



n f-t-+i ^ t-z -A n fe-^i+^i)w(«2,...,M(^'i+i'---'^''^'^) 

l<«<i<'i * ^ i=l ' 1 1 i=Zi+l 



Here, again, a2(Ai) G C is an easily computable constant. 

Let cr e S' be a permutation and there exists i < 2Ai + 1 such that a{i) > li. Then 
the term corresponding to a does not contribute to the main coefficient. Hence, this 
coefficient is 



02 



(Ai) E 



li 2A+1 



CTeS'-2Ai-i b=2Ai+2 i=l 
I 



yi TT ^1 + Ai - ^ + 1 - - 1 -A- 1 



X 



2Ai+2 



t-i tj 



X Ylitj-^i + ^i) n f . !Z ^ . 1 i ^ih.-Mith+i, ■■■,tl,Z, Ai, A2, . . . , An) 

i=h+l 2Ai+2<i<j<h ^ ^ 

«-2Ai-l 



rat 



where 02 (Ai) G C is another easily computable constant and the group § per- 
mutes the variables t2Ai+i, ■ ■ ■ ,ti. Simplifying, we get the main coefficient of the function 
wi{t, z,X) is given by 



a2 



(A.) n 



tj -zi + Ai - zi- a; 



j=2A+l 



tj — ^1 — Ai tj — zi + A'^ 



7 i^'(/i,/2. ..,«„)• 



The main coefficient of the function Wm(t, z, A) is computed similarly and is equal to 



03 



n 



T- sin((tj — zi + Ai)7ii/p) sin((tj — zi — A[)TTi/p) 



j=2Ai+l 



sin((ij — zi — Ai)'Ki/p) sm{{tj — zi + A[)Tri/p) 



W, 



{m[,m2---,mn)-i 



where a3(Ai) G C is some easily computable comstant. 

Multiplying the above main coefficients we get the statement of the Lemma. We have 

ai(Ai)a2(Ai)a3(Ai)c^(A) = (A; + 1)! cS^(AW) V'2Ai. 
The cases j — 2, . . . ,n are proved similarly. □ 
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We have 

ja^,A,p) = Y: ,,fcj...lj(^_fc), x (34) 

k 

<iA,m(Cm'(i?)reSfc<l>z/(i3)Wp(B)W'm'(B))(tfe+l+r(B), • • .,ti,Z,A,p) d'^'^'^^H, 



X 



i = k + l + l'(B),...,l 



where C denotes the curve Cu with Um = min{— ReA^ — e,0}, m = 1, . . . ,n, and the 
sum is over all k G Z"q such that k < I — l'{B), km < 2Re + 1 for m = 1, . . . , n, and 
km = for all m & B. 

Let C be the curve Cu with Um = min{— ReA^^ — e,0}, m = l,...,n. Then the 



integrand of each integral in sum (|3^) does not have poles of the type tj = a, where 



a G C is located between C and C, see Lemma Thus, we can move the contour of 
integration in each summand to {t G C'~'^~' \ ti E C , i = k + 1 + l'{B), ...,/}. 



We proved Theorem |12]for our choice of z,p. Theorem [T^ holds for all z,p, since both 
left and right hand sides of the formula of Theorem |1^ are meromorphic functions of 
parameters z,p. □ 

5.3. Proof of Theorem [T9|. Consider a matrix 



I^{Z, X,p) = { Yl - ^t)hrniz^ \p)}l,rneZ^- 

The matrix P{z,X,p) is obtained from the matrix J\z,\) = J\z,\,p) by multipli- 
cation the m-th row by ( Y\ {\ ~ Aj))/cm(A) for all fh G Zf. For generic p, these 

factors are well defined and not equal to zero. All entries of the matrix l\z^ A, p) are well 
defined and the matrix /'(z, A) is upper block triangular at A = A. 

It follows from formula 5.14 in | [1'V1| | that the matrix /'(z, A) is non-degenerate for all 
z,\,p satisfying conditions 

Hence, the matrix 

^Lm(^'^'P) = { n i^i- ^i)hrh{z^^^P)}^ 

where l,rh E Zf" run through the set of all A-admissible indices, is also non-degenerate 
for all 2, A,p satisfying conditions (pD-(p!4D. 

For all A satisfying conditions (pD-(p!4D and A-admissible indices m, the factors 
( n {^i ~ Ai))/cm(A) are well defined and non-zero. Hence, the matrix Jl_^^{z^\^p) 

is also non-degenerate for all z, X,p satisfying conditions ([9|)-([1^). 

The matrix J\z,X) is upper block triangular at A = A. Now, formula (|21|) follows 



from the Inclusion-Exclusion Principle and Theorem ^ 
The Theorem is proved. □ 



5.4. Proof of Theorem The rational i?-matrix Rx^x^ix) G End(VAi ® ^^2) ^ 
meromorphic function of Ai, A2, defined explicitly in Section |2]^ for Ai, A2 ^ A+. 
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Consider the qKZ equation with n = 2, fi = 2, p = — 2(|Ai| + IA2I) — 1. Consider the 
functions {"^miz, A) | m G Zf} given by 



where the function Jj^^ is defined in (|T^). 

The functions {\l/m(^5 A) | m G Zf} are solutions of the qKZ equation. Moreover, for 
generic A, the values of these functions span V^i ® Vx^ over C by Theorem 5.14 in ||TV1|] . 



By Theorem [TT], these functions are well defined for all Ai,A2. Moreover, they span 
® Va2, for all Ai, A2 and generic z, see theorem 5.14 in ||TV1|] and Section The 
first statement of Theorem |l| follows, now, from the equality of meromorphic functions: 

"^mizi +P, 2:2, Ai, A2) = e''''^^ Rx^X^{zi - Z2)'^rh{Zi,Z2,Xl,X2) 

for all fh & Zf. 

For all complex Ai, A2, the i?-matrix Rx^x2{x) commutes with the action of s/2. 

If Ai, A2 ^ A+, then Sx^®Vx2 + Vx^®Sx2 is the zero submodule and the second statement 
of the Theorem is trivial. Otherwise, let A G {Ai, A2} be the minimal dominant weight. 
Namely, if Ai G A+ and A2 ^ A+, set A = Ai. If A2 G A+ and Ai ^ A+, set A = A2. If 
Ai G A+ and A2 G A"*", set A = min{Ai, A2}. Then the submodule Sx^ ® Vx^ + Vx^ ® 8x2 is 
generated by all singular vectors in Vx^ ® Vx2 of weights less than Ai + A2 — 2A. Hence, 
the i?-matrix Rx^x2{.^) preserves Sx^ ® Vx2 + Vx^ ® 8x2- 

The third statement of the Theorem follows from the first two statements. □ 
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